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Abstract 

(1) Utilizing a Braid group action on a completion of U q (sl„+ 1 ), an 
algebra homomorphism from the toroidal algebra U q (sl n +i,tor) (n > 2) 
with fixed parameter to a completion of U q (gl n + 1 ) is obtained. (2) The 
toroidal actions by Saito induces a level 0 U q (sl n + 1 ) action on level 1 
integrable highest weight modules of U q (sl n + i). Another level 0 U q (sl n + 1 ) 
action is defined by Jimbo, et al., in the case n = 1. Using the fact that 
the intertwiners of U q (sl n +i) modules are intertwiners of toroidal modules 
for an appropriate comultiplication, the relation between these two level 
0 U' q {sl n+i) actions is clarified. 


I. Introduction 

In |l| and [||, a quantum toroidal algebra U q (sl n +i tor) is introdued. Up to 
now several results are obtained on this algebra. In Q the connection between 
toroidal modules and an extension of the double affine Hecke algebra || is 
noticed and the Schur type duality is obtained. The vertex representations are 
constructed on level 1 U q (gl n+ 1 ) modules by Saito Q. In H, toroidal actions 
are shown to be defined on any integrable highest weight module of U q (gl n + 1 ), 
using the level - rank duality. Since the toroidal algebra has homomorphic 
images of U q (sl n + 1 ) and U q {sl n + 1 ), U q (sl n + 1 ) and U q (sl n +i) actions are defined 
on toroidal modules. The known U' q (sl n +\) actions obtained in this way have 
level 0. (See ||.) Therefore level 0 U' q {sl n+ 1 ) actions on U q (sl n+ 1 ) modules are 
closely related to toroidal modules. In (?j] the level 1 U q (sl n+ i ) action on the 
fermionic Fock space || and the level 0 I/'(sG+i) action via the affine Hecke 
algebra are shown to be combined into a toroidal action. In motivated by 
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[ pi] , a level 0 E/'(sZ 2 ) action is defined on level 1 integrable t/g(sZ 2 ) modules, 
utilizing the intertwiners and the representation of the affine Hecke algebra. 

In this paper we obtain two results on these problems. In Sect. Ill, utilizing 
a Braid group action on a completion of U q (sl n + 1 ), an algebra homomorphism 
from the toroidal algebra U q (sl n +i i tor) ( n > 2) with fixed parameter to a com¬ 
pletion of U q (gl n +i) is constructed. (The paramter depends on the central ele¬ 
ment.) This implies that any highest weight module of U q (gl n + 1 ) is a toroidal 
module. This result corresponds to the fact that the algebra homomorphism 
from U q (sl n+1 ) to U q (gl n + 1 ) by Jimbo [^2| is neatly expressed in terms of the 
Braid group action by Lusztig |l3j . In sections IV and V, assuming a triangular 
decomposition of the toroidal algebra, we consider the level 1 toroidal modules 
by Saito. Utilizing the fact that the intertwiners of U q (sl n +i) modules are inter¬ 
twiners of toroidal modules for an appropriate comultiplication, we clarify the 
relation between the level 0 U q (sl n + 1 ) action induced by the toroidal action and 
that in ]ToJ . Note that in |ll[ firstly a Yangian action on level 1 integrable high¬ 
est weight modules of sZ 2 is constructed in terms of the currents and then the 
intertwining property of the vertex operators is used. Therefore our approach 
is closer to the original one. Clarifying the connection between our results and 
[| JtJ [|| would be interesting. 

Near the completion of this work, we found that the new Braid group action 
(Proposition [l]) is obtained in jl4|, where it is used in a different manner. 


II. Definition of algebras 


Let q be an indeterminate and set F = Q(g). Fix n > 2. 

Let ( aij)i<i,j<n be the Cartan matrix of type A n and set Kij = 1. Let 
U q (sl n+ 1 ) |^5| be the F algebra defined by the generators E iy7n , F iim , h itr , kf 1 , 

C ^ 1 , D ±x (l<i<n,raeZ,r6Z\ {0}) and the relations, 

C' ±1 central, C ±l C Tl = D^D^ 1 = 1, DX^D^ = X^z/q) (X = E, F), 


k^kf 1 = 1, D(pf(z)D~ 1 = <frf(z/ q ), 

4>t{z)4>f{w) = <j>f{w)4>f{z ), 

1 -q~ a,i C~ 1 Ki j z/w + 1 - q-^CKijz/w 

1 - q^C-^ijz/w ^ 1 - q ai iCKijZ/w 


C ™)4>t{z ), 






= qT a ij 


= q 


± a ij 


1 -q ±a ^C 2=F2( KijZ/w ) ±1 , 

i JOj q ( UJ) . 

1 — q^ a ^C~^^{mjz/w) ±1 
1 - q^ a ^C^{Kjjz/w) ±l F 

1 _ (k^z/w)^ J 


[Ei(z),Fj{w)] 


~~T ( S ( Cw / z ) ( t , i 0) - , 


( 2 . 1 ) 

( 2 . 2 ) 

(2.3) 

(2.4) 

(2.5) 

( 2 . 6 ) 
(2.7) 
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q aii ( 1 - q~ aii K ij z/w)E i (z)Ej(w) = (1 - q aii K ij z/w)E j (w)E i (z), (2.8) 

q~ aij { 1 - q aii Kijz/w)Fi(z)Fj(w) = (1 - q~ aij Kijz/w)Fj(w)Fi(z), (2.9) 

For i,j such that a-ij = — 1 

Ei(zi)Ei(z 2 )Ej(w) - (q + q~ 1 )E i (zi)Ej(w)E i (z 2 ) + Ej(w)Ei(zi)Ei(z 2 ) + ( Zi <-> Z 2 ) = 0, 

( 2 . 10 ) 

Fi(zi)Fi(z 2 )Fj(w) - (q + q~ 1 )F i (z 1 )Fj(w)F i (z 2 ) + Fj{w)Fi{zi)Fi{z 2 ) + {zi <-»• z 2 ) = 0, 

( 2 . 11 ) 

For i,j such that a^- = 0 

[Ei{z\ Ej(w)\ = 0, [F t (z), Fj(w)] = 0, (2.12) 


where 


Ei(z) = E iim /z m , Fi(z) = F i,m/z 11 


m€zZ 


raG Z 


4>f{z) = kf 1 exp | =F(g - g *) ^ h^ Tr z ±r J . 

V r>0 / 


(2.13) 


As is well known, this algebra is also described by the Chevally generators e*, 
fi, kf 1 (0 < i < n) and D ±l . Later we need its comultiplication Ao determined 

by 


A 0 (ej) = a ® 1 + hi <8 ei, A 0 (/j) = fi <8) k t 1 + 1 <g> /*. 

A o(ki) = ki®ki, A 0 (D) = D®D. 


(2.14) 


U q (gl n +i) @ is defined to be the F algebra generated by E ijm , F i rn , ak jT , 
tf 1 , C' ±1 , D ±x (l<!<n,l<fc<n+l,meZ,r£Z\ {0}) with the defining 
relations (|2.lD, ( |2.7| 2.12] ) and the following. 

= !> D ^k( z ) D ~ l = ( 2 - 15 ) 

OOV’fM = (-), (2-16) 


l-q- 2 C- l z/w 1 - q M(k >l ) c -i z / 


w 


i’iWi’i ( w ) 


1 — C 1 z/w 1 — q~ 2e( F <l '>C~ 1 z/w 

l-Cz/w 1 -q 2S ( k>l )Cz/w , 

: 1- 2 ^ / i- -20(k<l)n / n ( w Wk( z ) 

l — q z Lz/wl — q za y K<i >Cz/w 


(2.17) 


±/ x-i_ T b fc , l-g ±(fe 2 + 2 b ^)c 2T)( 2 / W )±1 


^(z)^H^(z)- 1 = g* 6 * 


1 _ g=*=( fe 2 2 bk j')C 


Ej(w), 


(2.18) 


I , . 1 — 2 2 b kj)(J 2^ 2 (z/w)^ 1 

ipk( z )Fj(w)i/jjf(z) 1 = q ±bkj -—— t , — T —j- —Fj(w). 

k 0 k l-qMk-k+hbh^ch^h^z/w )* 1 


(2.19) 
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Here b k j = Skj — $kj+ 1 and $(•) is a step function. In eq. 
be understood as follows, 


(2.7), ^ (z) should 


4>tW z ) = V’fWMq- iW- 


( 2 . 20 ) 


Let /i 


£ F x and (ctjj)o<i ,j<n be the Cartan matrix of type and set 
ft-zj — 1 ((bj) 7^ (^bO)? (0, ri)), ftno = ^on — /^* Let Un^sln+i^tor} [^| be the 
F algebra defined by the generators Ej, m , F ; ;. m , h j. r , fe^ 1 , C ±1 , _D ±:L (0 < i < 


7i, m € Z,r £ Z \ {0}) and the relations ( |2.l| [2 ■ 12[) . Note that we include only 
one scaling clement D and its inverse among the generators. Set po = q n+1 ■ 
For p = (/ioC 2 ) , we also define U q ^ 0 c2\±i {sln+i^or) similarly. Later we shall 

often use p = p^p in stead of p. 

Hereafter we shall write U and for U q (sl n +i) and U qi/J ,(sl n +i t tor), respec¬ 
tively. We shall identify U q (sl n + i) with the subalgebra of U q (gl n+ \) generated 
by Ei(z), Fi(z), 4>f{z) (1 <i< n), C ±x and D ±l . 


III. Homomorphism from U^ lQ c 2)±i to a comple¬ 
tion of U q (gl n+ 1) 

3.1 Braid group action on a completion of U q (sl n+ i) 

For k, l £ Z>o, put 

U kl = J2 U ~r UU °’ ( 3 - 1 ) 

r>k 

s>l 

where 

U r = {y £ U\DyD~ l = q r y}, (r £ Z). (3.2) 

Then U is a topological algebra which has (U k i) as a fundamental system of 

neighborhoods of the origin and is separated thanks to the triangular decompo¬ 
sition of U Q. Let us denote its completion by U. 

Let ?7 be a continuous algebra anti-automorphism of U determined by 

Ei(z) ^ Eiiz- 1 ), Fi(z) > Fi(z~ x ), <^{z)^^[Cz~ x ) 

C ±1 ^ C ±x , F ±1 e-> D ±l . (3.3) 


Proposition 1 (1) For each i (1 < i < n), there exists a continuous algebra 
automorphism Ti : U —► U determined by 


Ei{z) e-> —Fi(z/Cq 2 )(j) i (z/q 2 ) \ Fi(z) -(^(z/q 2 ) l Ei(z/Cq 2 ), 

^t(z)^<pt(z/q 2 )- 1 , (3.4) 
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Ej(z) ^ <j> ^ ^Ei(u)Ej(z) - g 1 1 1 q u/z Ej ^ Ei ^) ’ 

Fj(z) ^ ( F A z )Fflu ) - 9" 1 /_ q-Jz/ u Fi ^ U>)Fi ^ Z ^) ' 

<t>f(z) t-> 4>f (z)(j)f (z/q) when = -1, (3.5) 


Ej(z) >—> Ej(z), Fj(z) t—> Fj(z), 4>f{z) f —> (j>±(z) when a,ij = 0(3.6) 

/ du 

— denotes the operation which picks out the coefficient of u°. 
u 

(2) T~ x = rj o Tj o rj. 

(3) Ti’s satisfy the following relations. 

TfTjTi = TjTfTj when aij = — 1 , 

T{Tj = TjTi when a ^ = 0. (3-7) 

(4) Let W be the Weyl group of sl n +i and Si be a reflection with respect 
to a simple root cti. For a reduced expression w = ■ ■ ■ Si m G W, set T w = 

Ti i • • • T im . If wa k = ai, then 

T w (X k (z)) = Xflq- r / 2 z) (X = E,F,</>*). (3.8) 

Here r is the length of the shortest element(s) of the set {w' € W \ w'a k = cp}. 

3.2 Homomorphism from Uu 0 c 2 )±i to a completion of U q (gl n+ 1 ) 

Similarly to U, we introduce a separated linear topology on U q (gl n +i ) and 
denote its completion by U q (gl n +i). Utilizing the above Braid group action, we 
obtain the following theorem. 

Theorem 1 Set 

F o(z) = —Tf ■ ■ ■ TfEi (zq e ), F£ (z) = —T^ ■ ■ ■ TfFi {zq% 

$o’ e ( z ) = T„ - ■ • Tf(j>f(zq € ), (e = ±l). (3.9) 

For e = ±1, there exists an algebra homomorphism f e : Vl^ 0 c 2 ) e U q (gl n + 1 ) 

determined by 

Eflz) Eflz), Fflz) >-> Fflz), <f>f(z)*-+<l>f(z), (1 <i<ri), 

C D, 

E o(z) i-> ip+ +1 (z/fj, e yE^{z)i>- +1 (Cz/fj, e y e , 

F o(z) i * ip+ +1 {Cz/g e )~ e F£(z)if- +1 (z/g e y, 

4>o( z ) 4>o’ £ (z)^ +1 {z/Cg € y^ +1 (Cz/g e )- e , (3.10) 

where p, e = poihoC) e . 
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Proof. As an example, we shall check the Serre relation ( [2.1C| ) with (i, j) = 
(0, n) for the case e = 1. Set w = s n ■ • • si. Thanks to Proposition [j] (4), we get 

T-'En-^z/q) =E n (z), T~ 1 E n {z/q) = -<F ' + {g,z/C)E${nz)f)Q' + {liz)~ x 

(3-11) 

where /i = hqC 2 . Therefore applying T w 1 to the Serre relation ( 2.1()| ) with 
(i,j) = ( n,n — 1) of U q (gl n +\) and using the relations among ij)±(z), Ei(z) and 
F, (z). we obtain the desired relation. 

Corollary 1 Any highest weight module of U q (gl n+ i) on which C acts as Cq G 
F x is a U(ij, 0 c $)±i 'module. 

IV. Intertwiners of toroidal modules 


4.1 Level 1 toroidal modules by Saito 

Hereafter we consider only U M (/r G F x ). Let V(A*) (0 < i < n) be the 
irreducible highest weight module of U with highest weight A, and ua» be its 
highest weight vector. 

Let B be the F algebra generated by h r (r G Z — 0) and D ±l with the 
relations 


D^D 1Fl = 1, Db r D~ l = q r h r , 
[r] 2 [(n + 2)r] 


[hr, ^s] — ^r+s,0" 


r[(n + l)r] 


(4.1) 


q — q 

where [ml = -—. Let £>_ denote its Fock space B/I , where I is the 

q-q- 1 

left ideal generated by b r [r > 0) and D — 1. For m = j mod n + 1, set 
W m = V(Aj) <g) B-. Let aj’s be the simple roots of sl n+ 1 and (|) be the 
standard symmetric bilinear form on the weight space of sl n +\ normalized by 
(cTjjoy) — * Set 

( n k —1 \ 

F(n + 1 - i)ai - F ia i ) /( n + 1)> (1 < k < n + 1). 

i=k »=1 / 

For a G F x and 1 < k < n + 1, let a de >= be a linear operator on W m such that 
a de k (v ®b) = <S> b , where v is a weight vector with weight v. Then 

W m is a U q (gl n+ i) module by the map 

Ei(z) Ei(z) ® 1 , Fi{z) Fi(z) ® 1 , 


FOO | - > , ? =Faefe ex P ff(? - Q x ) F 


v ±r 


=p r ^ 


r>0 


dng, D t-> D®D, 


(4.2) 
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where a*. 


, r = a/c,r ® 1 + 1 ® b r with 


( n k —1 \ 

dfc.r = [(n + l)r] ( + 1 _ i ^ hi ’ r ~ g _(n+1)r ^[w-]/i iiT .J ' ( 4 - 3 ) 

The results by Saito 0 on level 1 toroidal modules can be stated as follows. 


Proposition 2 Set a = (—1 ) n ~ 1 q n . 

(1) For e = ±1, the U module structure on V(Aj) (0 < j < n ) is extended 
to a U^ o module structure by 

E 0 (z) = aE^(z), F 0 {z) = a~ 1 F£(z), c$(z) = ,e (z). (4.4) 

(2) Letting a r (r 7 ^ 0) be the elements of F x such that 

V 1 —V V — 7 * 

t + t - t 0 - ^0 


otf> (y. — t — 


(q r -q~ r )(Q r V r o-<l- r Vo r )' 


set 


(4.5) 


I^)=exp 


v ±r 


'Tr A 


r> 0 


( / \7* ^ 

%r — {qt^ 0 ) 2r 1 ^n+l,r ® 1 d O r l 0 b r . 


(4.6) 


- 1 

Then the U module structure on W m is extended to a module structure by 

-K.. /..\d, 


E 0 {z) = aX + (z)(E+(z) <g> 1)X ( qz ) ' n+1 > 

F 0 (z) = a- 1 (ii/n 0 ) ae «+iX + (qzy 1 (F f f(z) <g> l)X _ (z), 


(4.7) 


We have chosen the above normalization of Eq{z) and Fq(z) for a later conve¬ 
nience. Note that in the case /r = ^ q 2 the above result coincides with Theorem 

B 

4.2 Level 0 toroidal modules 

Set V = F n+1 and let V\, ■ ■ ■, u„+i be its canonical basis. P[x,* _1 ] is a U 
module by the following. 

Ei{q l z) = 5{z/x)E ii+ i, Fi(q l z) = 5(z/x)E i+u , 
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/ ; \ t— i il - q 2 z/x _ 1 — q 2 zlx 

(? z ) — E kk + q — - -—Ea + q — - - - Ei + ii+i 

l-z/x l-z/x 


ky£i,i-\-l 


'{q t z)= ^2 E kk +q— 

k^i,i -\-1 


l-q 2 x/z 1 l-q 2 x/z 


— xjz 


-Ea + q 


1 — x/z 


Ei 


'i+1 i+ 15 


C ±1 = 1, D ±1 =q ±i> . 


±1 _± 1 ? 


(1 < i < n), 
(4.8) 


Here Eij ’s are matrix units, 5{z) = Ylmez 2 ™, ^ ac ^ s as the multiplication, 
and for a G F x and v(x) G X^[cc, a: -1 ], a d v{x) = v(ax). We shall denote this 
representation by ( 7 r, V x ). 

Set p = pop. The U module structure on V x is extended to a U M structure 

0 b y 


E 0 (z) = ap a 6(z/x)E n+11 , F 0 (z) = a 1 S(z/x)E ln+1 p , 


(z) = E kk +q 1 — 

fe^l,n+l 


-i 1 - q-z/px 1 - q 2 z/x 


~{z) = ^2 E kk + q— 


— z/px 
1 — q~ 2 pxj z 


■-En+i n +i + q- 


1 — 21/2 


E, 


fc^l.ra+l 


— pCC/,2 


^ , __ x l ~q 2 x/z„ 

%+ln+lT? —-7--frll, 

1 — XjZ 


(4.9) 


where a G F x . We shall denote this representation by (7r a , V a ). 


4.3 Bialgebra structure of lA jt 

In this subsection, fixing y G F x , we omit the subscript /r oiU^. Define lA r 
(r G Z) similarly to U r . We assume the following. 

Assumption 1 (1) U is identified with the subalgebra ofU generated by Ei(z), 
Fi(z), <fii(z) (1 < i < n), C^ 1 and D^ 1 by the algebra homomorphism from U 
to U determined by 

Ei(z) i-> Ei(z), Fi{z) >-> Fi(z), <fif (z) <j>f (z) C i-> C, D^D. 

(4.10) 

(2) U has subalgebras IA , U Q and U + such that the multiplication map 
u~ ®u+ ->w is an isomorphism of vector spaces and 

u* c u* = ® r >oU ± n u±r, u° cu° c w 0 , (4.11) 

where U + , U~ and U° are the subalgebras of U generated by e* (0 < i < n), fi 
(0 < i < n), and kf 1 (0 < i < n) and D ±x , respectively. 

For r G Z setting 

U® N r = {y G U® N | D® N y(D® N )~ 1 = q r y}, (4.12) 
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define ll® N ki similarly to Uki ■ We introduce a linear topology on U® N by letting 
{U® N oi)l>o be a fundamental system of neighborhoods of the origin. (Hereafter 
we shall simply say ‘introduce a linear topology by (U® N oi)’.) Then U® N is 
a separated topological algebra. We denote its completion by U (N = 1 ) and 
U® N (N > 2). Note that for N > 2, the topology on U® N is equivalent to the 
tensor product topology. 

Let Ai and An be the continuous algebra homomorphism from U to U®U 
determined by 

Ai(C) = An(C') = C 0 C, Ai (D) = A „(£>) = D®D, 

Ai = (j)f{z/C 2 )®<j>j{z), =<j>T(z)®4>j{z/C{), 

Ki{Ei(z)) = Ei(z) 0 1 + 4>~ ( z ) 0 Ei(z/Ci), Ai (Fi(z)) = 1 0 Ei(z) + Fi(z/C 2 ) 0 fii(z), 
An {4>f(z)) = <pt{z/C 2 )®(l>t(z), An(4>r(z)) = <t>r( z ) 0 ^{z/C x ), 

An(Ei(z)) = Ei(z) 0 1 + 4>tiCz ) 0 Ei(Ciz), An(.Fi(+)) = 1 0 Fi(z) + Fi(C 2 z) 0 </>“ (Cz), 

(4.13) 

where C\ = C 0 1 and C 2 = 1 0 C. Let further e : U —> F denote the continuous 
algebra homomorphism determined by 

e(E i (z))=e{F i (z)) = 0, e(<t>f{z)) = e(C) = e(D) = 1 . (4.14) 

Here F is given a discrete topology. Then (U, A,,e) (i = I, II) are bialgebras. 

These are straightforward generalizations of the bialgebra structures found by 
Drinfeld for U. Let 1Z = TZ + TZ°TZ~ be the Gauss decomposition of the universal 
R matrix of U with Ao as a comultiplication |li|. Letting 

Fi = lZ~, Fn = a(R. + )~ 1 , (a (a 0 b) = b 0 a), (4-15) 

set 

A i (-)=F~ 1 A l {-)F l , (* = I,II). (4.16) 

It is known [Q that Ai (y) = An (y) = A 0 (y) for y € U and that (W,Aj,e) 

(i = I, II) are bialgebras. Set Aj P = cr o Ai and F^ p = a{F\). For (A,F) = 

(Aj P ,+j° p ), (Am^ii), etc., we define A^ : U —> U® N+1 (N > 1) by 

A ( 1 ) =A, A w = (A«l® iV - 1 )oA (lv - 1) (N> 2). (4.17) 

and JFW g U® n (N > 2) by 

F {2) = F, F {N) = (^ r(2) )i 2 (Ai P 0 l® JV - 2 )^ (JV - 1 ) ) (_/v > 3 ). (4.i8) 

Then the following holds. 

A ( ^ N - 1 \y)=F ( ' N) - 1 A ( ^ N - 1 '>(y)F w , (y€U). (4.19) 
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Later we need the following property of Tf p and T\\ Q. Set U-° = U°U + 
and U-° = U~U°. Set further Q = ®f = 1 Za», Q + = — Q- = ®t t = 1 Z > 0 a.i \ {0} 
and 5 = EEo W- F° r m G Z and A £ Q, define 

UZ lS+x = {y£U a \DyD- 1 =q m y, hyK 1 = q^y, (!<*<»)}, 

where a => 0 , < 0 . Let M± be the closure of £ m >o E a £ q ± ^-JL+A) ® 

Then 

T^-leAL, Jii-lG M+. (4.20) 

For N >2 and m > 0, set 

M®*[m] = U®U m2 ®---®U mN . (4.21) 

Let Zi 0JV (TV > 2) be the F algebra U® N on which a linear topology is introduced 
by ( U® N [m ]). Then U® N is a separated topological algebra. We denote its 

completion by U® N . 

Lemma 1 (1) Let r be the identity map from U® N to U® N . Let further 

t : U® N —> U® N be the continuous extension of the continuous algebra ho¬ 
momorphism t. Then t is injective. 

(2) If we identify U® N with a subalgebra of U® N via the map t, then the 
following holds. 

A° p(N ~ 1] {U) C U®~ n , A|f _1) (W) C U® N . (4.22) 

Proof. (1) For l £ Z>o, set 

Mi = U ~® N ® U ° 0N ® U t ® ® u i N ■ (4.23) 

Under the identification of U &N with U~® N <g> U°® N ® U+® N , the following 
holds. 

U &N [m] = (Bi (U® N [m] n Mi), U®£ = ©;> ro M ; . (4.24) 

From this, we obtain 

n 0 ; ( U® N [m] + U® N ) = U® N [m]. (4.25) 

Utilizing the last equality, it is easy to show that any Cauchy sequence in U® N 
which converges to 0 in U® N converges to 0 in U® N . 
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(2) The claim can be easily checked for Aj P and An. Since thanks to (4.20) 
j~o p ( N ) ^ j-(N) e ; we 0 bt a i n the claim. 

Let Wi (1 < i < N) be U modules such that 


m = ©mezW,, m , Wi, m = {w£ | Dw = q m w }, (4.26) 

and set W = Wi ® ■ ■ ■ ® Wat. For m € Z setting 

W[m] = E Wl ® W 2 ,m 2 ® ■ ■ ■ <8> y^N,m N , (4.27) 

introduce a separated linear topology on W by (W[m]). Then VV, the completion 

of W, is a topological module. Therefore, thanks to Lemma § W is a w 
module via the comultiplication Aj P or An- Note that W = W in the case 
N = 2 and Wjv.m = {0} (m » 0). 


4.4 Intertwiners of toroidal modules 

Let and 4 1 © (0 < j < n ) denote the intertwiners of Z7 modules determined 
by 

: V(Aj) ®V X ^ V(A J+1 ), : V x ® V(Aj) -> P(A j+1 ), 

(u Aj - <8> Uj+1) = v Aj - +1 , 4 W (Uj+i ® v Aj ) = VA j+1 , (4.28) 

where V (A ? ) ® 14 and 14 <8> V (Aj ) are U modules via the comultiplication A 0 
and A n+ i should be understood as A 0 . 

As usual we define their components by 

®k!m u = ® v kX m ), '&k^m U = ^\ v kX m ® u), (4.29) 

and set 

< j \ Z ) = e *&*""*. = E ( 4 - 3 °) 

m£ Z raG Z 

Proposition 3 For m £ Z, set a m = q 2m . In the following, give V (A,-) ® 14 
and W m ® 14 (resp. 14 <8> P(Aj-) and V a ® W m ) toroidal module structures via 
the comultiplication A\ (resp. An). 

(1) For 0 <j<n, $Cj) : y(A,-) ® 14. -v V(A i+1 ) and $Cj) : 14. ® y(Aj) -+ 
y(A i+ i) are intertwiners ofUmodules. 

(2) Let p = poF 7^ 1- Setting 

( r±r \ 

T(Q - a" 1 ) E l_ r a Tr b Tr z±r ) , (4-31) 

r>0 1 P J 
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put 


E(z) =Y + (qz)Y~(z), Y{z) = Y+{z)Y~ (qz). (4.32) 

For m = (n + l)s + j (s £ Z, 0 < j < n), define : W m ® V am / p s — > W m +i 
and 4> (m ) : V am / p s 0 W m —» W m +i by the generating series 


$ { ™\z) = $^( 2 ) 0 5(2) and ¥™\z) = ^( 2 ) 0 E( 2 ), (4.33) 

respectively. Here &™\z) and &™\z) are defined similarly to ( 2 ) and 
^k\z). Then and are intertwiners ofU p modules. 


Proof. We consider the case Give W m 0 V a (resp. V (A 7 ) 0 V x ) a U p 

(resp. U ) module structure via the comultiplication Ai. Set 
and Then 2 ) = $^( 2 ) 0 5 ( 2 ). Utilizing the explicit 

expression of the intertwiner $0) : V(Aj) 0 V x —> U(Aj_)_i) in terms of bosons 
[ p~9| . it is straightforward to show : W m ®V am / p s —> W m +i is an intertwiner 
of U p modules. The claim follows from this. 


V. Two level 0 U'(sl n+ 1) actions 

5.1 Completions of V® N 

Following juj , we introduce two completions of V® N and the maps from them 
to Wjv- 

For m € Z, let Vat [to] signify V® N [m] in subsection 4.3 and set 

Vjv[[m]] = span{v ei a; mi 0 ■ • • v eN x mN | maxjmi, • ■ •, TOat} > to}. (5.1) 

Introduce two linear topologies on the vector space V® N by (Vat [to]) and by 
(Vat[[to]]). We denote the thus obtained separated topological vector spaces by 
and Vn, respectively, and let and Vn signify their completions. Let tjv 
be the identity map from to Vat. Let further fjv : —> Vat denote the 

continuous extension of the continuous linear map (at- (This map is shown to 
be injetive as in Lemma [I].) Note that our completions are a little bit different 
from those in ||To) . 

Set 

v ei ,-,e N (zi, ■ ■ ■ ,z N ) =^2v ei x mi 0 • • • ®v tN x mN zfi mi ■ ■ ■zfif nN . (5.2) 


Let J\P N (resp. A/jv) be the closure in (resp. Vat) of the span of the coefficients 
of the following generating series, 


•('■") z ii z i+l t ‘ ‘ ■) (1 Q ) 


{Zi/z i+1 ) e ^<^ 
1 - q 2 Zi/z i+1 


l-i‘ ‘ ) z i+ 1 ) z it ‘ 
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1 - Zi Zi +1 

+q- -- v.. 

1 - q-Zi z i+ 1 




■('■') ~i+l) ')) ( e * 7^ e »+l)) 




+ <7 


2 1 ~ g ~Zi/Zj+l 

1 - q 2 Zi/z i+ i U '"' ti+ 


V-,■■■{■■■ ,Zi+l,Zi,- ■ ■), 

(ei = Ci+l), 


where 1 < i < AT — 1. Then A/jv = ?at(A/]^). 

Give Wjv a discrete topology. Set |0) = wa 0 ®1 6 Wo- Let p(y : —> Wn 

and pn : Vn —> Wn be the linear maps defined by 


V eit ... :eN {Zi,---,Z N ) h-> ZN-k/YiviZj/Zi), 

0<k<N —1 i<j 

(5.4) 

where S& is the integer part of k/(n+ 1) and 

v{z) = H-^ry{z-,v)°o = (i -P m z). (5.5) 

(PZ,P oo n 

v 7 m= 0 


Thanks to the commutation relations among the intertwiners both maps 

p' N and pn are continuous and extend to the continuous linear maps p' N : V' N —> 
Wn and pn ■ Vn —> Wn, respectively. Moreover the latter maps induce p' N : 
V' n /N'n Wn and pn ■ Vn/Nn Wn- 


5.2 Level 0 U' q (sl n+ 1 ) actions by Jimbo, et al. 

Let U’ q {sl n+ 1 ) be the subalgebra of U q (sl n+ 1 ) generated by e*, /» and kf l (0 < 
i < n). Set t/' =0 = U' q {sl n+ \)/ < k 0 ■ ■ ■ k n — 1 > and give this algebra a discrete 
topology. Vn is given a topological Lb =0 module structure by the map 

N 

e 0 ^ q N ~ x J2 Y-H®*- 1 ® E n+hl ® 
i=i 

N 

fo ■- q-^-V J2 Y j {q E ^~ E -+^+ 1 )® j -1 ® S 1>n+ 1 ® 

J=i 

fco ( g B "+i,"+i-- E i,i)«’ Ar ; 

2 /^ (7T® ■■•®7 r)Ao P(Ar_1) (2/), y = ei,fi,ki, (1 <i<n) (5.6) 

where l^ 1 is a continuous linear operator on Vat defined via the action of the 
affine Hecke algebra on Laurent polynomials. See for further details. It is 
further shown that the above U' c=0 action on Vtv induces the U q=0 action on 
Vat/A/jv- 


(5.3) 
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In the case p, = po, we replace and Wn by $b) and V(Aj) (i = m, 
j = N mod n + 1) in (5.4). We denote the thus obtained maps by the same 
letters p' N , etc.. Set V = ®n>iVn and H = ©”_ 0 V'(A j). Let p :V signify 
the surjective linear map obtained from /5/v’s. In m- by showing that Kerp is 
U' c= q invariant, a t/'_Q action is defined on TL so that p is a homomorphism of 


U' c=0 modules. 


5.3 Level 0 U q (sl n+ 1 ) actions induced by the toroidal ac¬ 
tions 

Let Sn : V' N —> V' N be the homeomorphic linear map defined by 

^ei.-.ejvOW V eil ..., eN (Z!, ■ ■ ■ Z N )/ Y[v(zj/Zi). (5.7) 

i<j 

Let us define < 7 at : —> Eik1f(V;v) by 

CTN{y) = SJj 1 o ( 7 r ajv _i® • • -<g) 7 r a o)Ai P(Ar_ 1 ) (y) o S N , y G (5.8) 

Then thanks to Lemma p], V' N is a module by the map < 7 jv. (Utilizing Lemma 

The modules and Wn are topological t /' =0 modules via the algebra 
homomorphism from U' q {sl n +\) to U M determined by e* i—>■ E^o, fi i—> o, 
hi i—>• hi. For these two 0 modules, we have the following. 

Proposition 4 The map p' N : V' N —> Wn is a homomorphism ofU' c= . 0 modules. 

Proof. Set <f> 0 U m ) = $( m ) o cr, (<j(y <8>w) = w 8 v). The linear map <g> 

$ op(m) : V aN _ l/p *N-i 8- ■ • ®V am/p s m 8 )W m U ow _ l/p ^_i 8- •-8 8 

Wm-i-i extends to the map between the completions and the latter map is shown 
to be an intertwiner ofW M modules. Let = T° p{N) . From {\® N ®e)^ N + l ) = 
and ( |1.2C| ), we get |Q)) = (^l^^ 1 ^) 8 |0), (u G V^). More¬ 

over Fo, m |0) = To,m|0) = 0 (m > 0) and </>q (z)|0) = |0). Hence the contin¬ 
uous map from V' N to the completion of V aN _ 1 8 • ■ ■ 8 V ao 8 Wo defined by 
u i—* Sn(u) 8 |0) is U' c ^o linear. From these we obtain the claim. 

5.4 Relation between two level 0 U q (sl n+ i) actions 

Lemma 2 Let Xn denote the span of the vectors v tl x mi 8 ■ ■ ■ ®v eN x mN (ei < 

• • • < CN,mi G Z). Then Xn +Af' N /Af^ is dense in V' n /N' n . 

Proof. It is sufficient to show V' N = Xn + A f ' N . Therefore the claim follows if 
we show the following. 

v ei x mi 8 • • ■ 8 v eN x mN G X n +A f' N . (5.9) 


A.3 and (|4.1£), M' N is shown to be invariant.) 
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Let e,; < e,;+i and Ijv be the the span of the coefficients of ■ ■ ,Zi, Zi+ 1 , • • •) 

Equation (5.3) implies that the coefficients of 

(1 — (,Zi/Zi+ 1) £<,■••(■ ‘ " i z i +1 

belong to Yjv+A/j^ for any integer m. Hence the coefficients of u... jei+lj£ij ... (• • •, 2 »+i, 
belong to Y/v + A/jj^. Using the last argument repeatedly, we can show (5.9). 

Lemma 3 Let Zn : V' N / Af' N —> Vjv/A/jv &e t/ie map induced by Zn ■ For t\ < 

• • • < ejv and y = e;, /*, A;,^ 1 (0 < i < n), the following holds. 


^N(yV ei ,...,e N (zi, • • • , Z N )) = J/iJv(Uei,...,£ W («l, • ' ‘ , Zjv))- 


(5.10) 


Proof. The above equality clearly holds except for eo and f 0 . The case eo is 
shown in Appendix A and the case fo is similarly proven. 

Since Zn is continuous, the above two lemmas prove the following proposi¬ 
tion. 

Proposition 5 The map In ■ V' N / Af' N —> Vn/Nn is a homomorphism of U' c=0 
modules. 

From Propositions and ||, we can show the following. 

Theorem 2 The map pN '■ Vn —■> lUv is a homomorphism ofU' c=0 modules. 

Proof. Since pN o Zn = P'n-> Pn(vw) = ypN{w) for y G t /' =0 and w G Imtjv- 
Imtjv is dense in Vn/Nn’, Vjv/A/jv and Wn are separated topological U ' c = 0 
modules; pN is continuous. Therefore pN is a homomorphism of t /'_ 0 modules. 

From Proposition [| (1), we obtain the following. 

Corollary 2 In the case p = po (p = Po)> e map p : V —> H = ®" = 0 U(A j) 
defined in subsection 5.2 is a surjective homomorphism of U' c=0 modules. 


Appendix A. Proof of Lemma 3 

The following is immediate. See © for (3) and (4). 

Lemma A.l For I C {1, • • • N}, let Kj be the set of generating series 

w{zi,- ■■z N ) = y• ■■zjf mN such that w mii ... t m N G V N [[M]], 

where M = max{mi}jg/. For I C {1, - - ■ LV} and k G {1, - • •, iV }, let Apk 
denote the algebra of formal power series in the variables Zi/zk (i G I \ {k}). 
(1) AipKi C Moreover Apk acts on Ki when k I. 
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(2) Let i, j £ I, k £ {1, • • •, N} \ I and w £ Aj. Let further f(z) and g(z) 
be formal power series in z. Then for (x, y) = (zt/zj, Zi/zk) and ( Zi/zj , Zj/zk), 
the following holds. 

f(x)(g{y)w) = g(y)(f(x)w ) = ( f(x)g(y))w. 

(3) Let Kij be the operator which interchanges and Zj, and set = q~ x + 
(q ~ <? _1 )—~—(Kij - 1). Then C AT/ ifi,j £ I. 

Z-i Zj 

(4) Let i,j £ I and k £ {1, • • •, N}\I. If f £ Aj t k satisfies ffij = fijf when 
acted on Laurent polynomials in zi (1 < l < N), then ffijlxr = $,ijf\K r - 


Lemma A.2 Let L be the set of generating series 
w(zi, ■ ■■z N ) = '^2w rnit ... tmN zf rrLl ■ such that 6 Vj v[M], 


where M = — 1 )nii. 

(1) Let B be the algebra of formal power series in the variables Zi+i/zi 
(1 < i < N). Then B acts on L. 

(2) Set u €li ... i€N (z 1 , * * * j z N ) = ^ p(Af )" 1 t ) eii ... ie „( 2 i, • • • , z N ). 
Thenu ei ,...,e N (zi, ■ ■ ■, z N ) £ Lforanyei andu €lt ... teN (zi,-• - ,z N ) = v eit ... >eN (z 1 , 
when ei < • • • < ejv- 


Proof. (1) is immediate. (2) follow from ( 4.20 ). 

Lemma A.3 Let A be the closure in V' N of the span of the coefficients of 
the following generating series, 

( \ . ^ z il z i +1 , , 

V... (■ ' ' j Zi, z i +li ' ' ') + q- J 7 ’^■••,£,+ 1 ,£,,••• (' ' ' 1 z i+li z ii ' ' ')> 

1 _ 




...(■■■ ,Zi,Z i+ !,•••) +q 


q 2 Zi/z i+ 1 

( e i ^ £i+l)) 

2 1 - q- 2 Zilz i+ 1 

e <+1 ,e<, •■■(•••, Zi+1, Zi, •••), 


1 - q 2 Zi/zi +1 


(e,; — e»+i), (Al) 


where 1 < i < N — 1. Then Jz° p ( N )j\f' N = . 


Proof. Let signify P( rp<N1 . Firstly we consider the case N = 2. Let 
ei < £ 2 - From the definition we get 

v ei}e2 (zi, z 2 ) + q-p- — T~~T Vc 2 ,ci (zi, zf) + (zi <-+ Z 2 ) S Afj' w r . (A2) 


1 - q 2 z 2 /zi 


This implies 

Z 2 

7- I~ % 

1 - z 2 Z\ 


H,e 2 (zi,Z 2 ) + 


qz 2 


1 - q 2 z 2 /zi 


2 ,ei (zi, z 2 ) — (z\ «-> z 2 ) £ Af' N . (A3) 


,zn) 
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From this and the equality 

F {2) v ei ,e 2 (zi, z 2 ) = v ei>e2 (z 1 ,z 2 ), (ei < e 2 ), 

= v £ 1 ' £ 2 (z 1 ,z 2 ) - (g - g -1 ) . Z ‘ 2 ^ 1 , v e2i e 1 (z 1 ,z 2 ), (ei > e 2 ), 

1 - Z2/Z1 

(A4) 

we can show that the case N = 2 holds. The case N > 2 follows from the fact 
that A /*2 is U invariant and the equality 

jpW = ^ +1 (l® fc_1 ®Ai P (8)l® JV_fe_1 )J : ' (JV_1) . (A5) 

Hereafter we shall let = denote the equality in VV mod A+. 

Lemma A.4 The action of eo on the U[, =0 module Vn and that of £+ on the 
U fj, module V' N satisfy the following relations. 


( 1 ) 


(-^Ij * > ^Jv) 




3= 1 


x» ei ,., £ - v ., £!f , n+ i(zi,- 
(2) For e 1 < --<e N , 

l'N(E 0 fiV ei ,-,e N {zi, ■ • •, zn)) 


(A6) 


s H'-'Evi-irt‘- 1 nri (++>*••' 


j=i *=1 

X v ei,---,ej,---,eN,n+l {Zl , ' ' ' ; Zj , • • • j ZjV; / p) * 

Here ' denotes the omission of variables. 


1 - Zj/Zi . 1 - Zi/ 


(A7) 


Proof. (1) follows from the definition of Y) |10|[ , (5.3) and Lemma A.l 

(2) Set f(z ) = g _1 -—. Set further g+) = g——+ for 1 < e < n and 
1 — z 1 — q z Z 

X _ q ~ 2 ^ _ 

= g 2 —- 73 — for e = n + 1. Then thanks to (4.IS) we get 

1 — q z z - 

N j -1 at 

E 0 , 0 U ei ,-e N (zi,--- ,Z N ) = q N_1 ^ n f( z j/ z i) n MM* 1 " 1 

3 =1 i=l i=J+l 

N 


»=i+i 


(AS) 
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for any e*. Since ln is continuous, Lemmas A.2 and A.3 imply 


N 

ft 9e i (pZ i /z j )l N (Ue 1 ,...,e j - 1 ,n+l,e j+1 ,-,e N ( z U ' ' Zj/p, ' ' ' z n)) 

i=j +1 

= ( 1) ‘ ’ ’ ? Zj J * ‘ ’ Z N i Z j/p))- 

(A9) 

In the case ei < • • ■ < e^r, thanks to Lemma [A.2| (2), multiplying the above 
equation by J|; = i f( z j/ z i ) TliLj+i f( z i/ z j) SeiA is meaningful. Hence we obtain 
the claim. 

Therefore ( [5.10 ) with y = eg follows from the following lemma with w(z\, ■ • •, z^) = 

^l,...,l,e s +i,”.,ejv,n+l ( Z 1 ) * ‘ * Z N )■ 


Lemma A.5 Let 1 < t < s < N and w(z±, • • •, Zn ) S n\- If the coeffi¬ 

cients of the generating series 


w{zi, ■ ‘ ‘, Zu z i+1 , ■ ■ •, z N )+q‘ 


1 ~q 2 Zilz i+1 


1 - q 2 Zi/zi + 1 

belong to AIn, then the following equality holds in Vn- 

S 

■ ■ • £tjw(zi,'' ‘ i z ji ‘’ i z n ) Zj/p) 

3=t 

s j—1 


w(z 1 ,---,z i+1 ,z i ,---,z N ), ( t<i< s- 2 ) 


= Et-'v-n 


1 - r z i! 


'3 / 


j=t 


=t - i=j+i x Zi / Zj 


l-Zj/Zi . 


ni 


1 - q 2 Zi/Zj 


w(zi,---,Zj,---,Z N ,Zj/p). 

(A10) 


Proof. This can be shown by induction on s — t. Thanks to Lemma the 
left hand side is rewritten as follows, 


w(zi,---,Zt,---,ZN,zt/p) + {l-q 2 ) ^2 {-qY t 

j=t +1 

^ z j/ z t 


1 - Zj/zt 

1 


n i> t v(zi/zt) 


w(zi, ■ • • , Zt-UZj, Zt+ 1 , ■■■,Zj,---,Z N , Zt/p) 

s 

X] • • • 6+ij^(-i ,‘ i z ji‘ ‘ i z N , 


j=t+i 


(All) 
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where 


r j(zx, ■ ■ ■ ,z N ) = W_il(z i /z t ) x w(zi, ■■■,Z N ) e K { t+ 1 , -,N}- 


(A12) 




For t+l<i<j<s , thanks to Lemma |A.l| (2), we obtain, 
Zj/Zt 


& 


1 -Zj/Zt 


w(zi, ■ ■ ■ , Z t , ■ ■ ■ , Zi—l, Zj, Zi, ■ ■ ■ ,Zj, - ■ ■ ,ZN, Zt/p) 


_ _ 1 l-q 2 z i /z t Zj/Zt , . ,x 

= -- Z~TZ —1- :r ^w(2l,---,Z t , 


1 -Zi/z t 1 — Zj/zt 


(A13) 


Since the action of Cj-ij ''' G+i j on both hand sides of the above is well defined, 
we get the following equality. 


. , Zj/Zt , 

?j-i 3 ’ • • -777«Vi, ■ • ■ > *t, ■ ’ ■, ^i-i, z», • ■ •, Zj 


l-Zj/zt 
1 l-q 2 z i /z tt 
~ q 1 -zi/zt * 


Zj/Zt 
1 - Zj/zt 


w(zi, ■ ■ ■ , Zt, ■ 


•• ,ZN,Zt/p ) 

Zi, Zj,Z i+ 1 , • • ■ , fj, • • • , ZJV, 2 t /p). 

(A14) 


Repeating this argument, the sum of the first two terms is found to be 


n 


z=£+l 


1 - q 2 Zj/zt 
1 - Zi/Zt 


w(zi,---,£ t ,- 


•■,z N ,Zt/p). 


Applying the assumption of the induction to the last sum, we obtain the claim. 
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